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1. Introduction 

Throughout this paper, R is a Noetherian commutative ring with 
non-zero identity and / is an ideal of R. In |6|, Brodmann defined 
ideal transform Dj{M) of an i?— module M with respect to / by 

Di{M) =limHomB(r,M). 

n 

Ideal transforms turn out to be a powerful tool in various fields of 
commutative algebra and they are closed to local cohomology modules 
of Grothendieck. 

In [TT], Herzog introduced the definition of generalized local coho- 
mology modules which is an extension of local cohomology modules of 
Grothendieck. The i-th generalized local cohomology module of mod- 
ules M and with respect to / was given as 

Hi{M,N) = \\mExti^{M/rM,N). 

n 

A natural way, we have a generalization of the ideal transform. In \TU\, 
the generalized ideal transform functor with respect to an ideal / is 
defined by 

Di{M, -) = limHomR(/"M, -). 
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Also in [in] they used the generahzed ideal transforms to study the 
cofiniteness of generalized local cohomology modules. Let R^Di{M, — ) 
denote the i-th right derived functor of Dj{M, —). It is clear that 

RDi{M, -) ^ lnnExt^(/'"M, -) 

n 

for all i > 0. 

The organization of our paper is as follows. In the next section 
we study basic properties of the generalized ideal transform functor 
Di{M, — ) and its right derived functors R'Dj^M, —). The first result is 
Theorem 12.11 which says that if M is a finitely generated i?-module and 
N is an /-torsion i?-module, then R'Di{M, N) = for all i > 0. Next, 
Theorem 12.71 gives us isomorphisms D j [Hom fi{M, N)) = Dj{M,N) 
and DaR{M, N) ^ DaR{M, iV)„. In TheoremEIOlwe see that the mod- 
ule B.omji{R/I , R^Dj{M, N)) is a finitely generated i?-module provided 
the modules R^Di{M, N) are finitely generated for all i < t. The sec- 
tion is closed by Theorem 12.121 which shows the Artinianness of the 
modules R'Di{M, N). 

The last section is devoted to study the set of associated primes 
Ass{R^Di{M, N)). Theorem 13.31 shows that if M is a finitely generated 
i?-module and is a weakly Laskerian i?-module, then Supp(i/^(M, A^)) 
and Ass{R^D^{M, N)) are finite sets for all i > 0. Finally, Theorem 13.51 
gives us two interesting consequences about the finiteness of the sets 
Ass{R'Dj{M,N)) (Corollary ESD and Supp^(i?*D/(M, A^)) (Corollary 

EZD- 

2. Some basic properties of generalized ideal transforms 

An i?— module A^ is called /-torsion if r/(A^) = A^. We have the first 
following result. 

Theorem 2.1. Let M be a finitely generated R-module and N an I- 
torsion R-module. Then R^Dj{M, N) = for all i > 0. 

Proof. We first prove Dj{M,N) =0. 

Consider the n-th injection A„ : Homi?(/"M, A^) ^ Homij(/''M, A^) 
and the homomorphisms <y9* : Hom/j(/*M, A^) — )■ Hom/j(/-'M, A^) such 
that ip){fi) = filuM for all i < j. 

Let 5* be an /?-submodule of Hom/{(/"M, A^) which is generated 
by elements Xjip'j{fi) — Xifi, fi G Hom/j(PM, A^) and i < j. Then 

limHomH(/"M,A^) = ( Hom^j(/"M, Ar))/5. 
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For any u G Di{M, N) = Inn Hoiiir (J'^M, N), we have u = Xtft + S, 

n 

where ft e UomR^P M,N). 

Since PM is a finitely generated -R-module and is an /-torsion 
i?-module, there exists a positive integer p such that fp^^^ft) = 0. 

It follows from [HI 2.17 (ii)] that m = and then Di{M, N) = 0. 

The proof will be complete if we show R^Dj(M, N) = for alH > 0. 

As N is /-torsion, there is an injective resolution E' of such 
that each term of the resolution is an /-torsion /2-module. By the 
above proof, we have lim.B.omFi{I^M, E^) = for all i > 0. Therefore 

n 

R'Di{M, N) = for all i > 0. □ 

Corollary 2.2. Let M be a finitely generated R-module and N an 
R-module such that Di{N) = 0. Then RWi{M, N) = for alli>0. 

Proof. We consider the exact sequence 

-> Tj{N) ^ Di{N) ^ H}{N) 

From the hypothesis, we have r/(A^) = that means is /-torsion. 
From fTl\ we have the conclusion. □ 

The following lemmas will be used to prove the next propositions. 

Lemma 2.3. ([10, 2.2]) Let M,N be R-modules. Then, there is an 
exact sequence 

^ //?(M, A^) ^ Hom^(M, A^) -> Di{M, N) H}{M, N) ^ ■ ■ ■ 
■ ■ ■ H}{M, N) Ext^(M, A^) ^ R'Di{M, N) H}+\M, N) ■ ■ ■ 

Moreover, pd(M) < oo, then R'Di{M,N) = H}-^\M,N) for all 
i > pd(M) + 1. 

Lemma 2.4. Theorem 1]) The following conditions on an R- 
module M are equivalent: 

(i) M admits a resolution by finitely generated projectives; 

(ii) The functors Ext^(M, — ) preserve direct limits for all n; 

(iii) The functors Tor^(— , M) preserve products for all n. 

The following lemma shows some basic properties of generalized ideal 
transforms that we shall use. 

Lemma 2.5. Let M be a finitely generated R-module and N an R- 
module. Then 

(i) Dj{M,N) is an I -torsion-free R-module; 

(ii) R'Di{M, N) ^ R'Di{M, N/ri{N)) for all i > 0; 
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(iii) R'Dj{M, N) ^ RWj{M, Dj{N)) for all i > 0; 

(iv) Dj{Dj{M,N))^Dj{M,N); 

(v) Di{Romn{M,N)) = Eom ji{M, Di{N)) . 

Proof, (i) We have by [231 

ri{Dj{M,N)) = limHom^(i?//",D/(M, A^)) 

n 

^ limlimHom^(i?//", Hom^(/*M, A^)) 

n t 

= UmlimHom^(i?/J" ® /*M, A^) 

n t 

= limlimHomjj(J*M, B.omn{R/ 1"", N)) 

t n 

= lim Hom/j (J*M, r/(A^)) 
^Di{M,Ti{N)). 

Since r7-(A^) is an /-torsion i?- module and from l2.H we get Dj{M, Tj{N)) = 
0. Thus Dj{M,N) is an /-torsion-free i?-module. 

(ii) The short exact sequence 

^ Ti{N) ^ N/Tj{N) 
deduces the long exact sequence 

^ Di{M, Ti{N)) Di{M, N) Di{M, N/Ti{N)) -> ■ ■ ■ 

> RDi{M, N) R'Dj{M, N/Ti{N)) R'+^Di{M, Ti{N)) ■ ■ ■ 

Then R'Dj{M, N) = R'Di{M, N/Tj{N)) for all i > 0, as R'Dj{M, Ti{N)) = 

0. 

(iii) The short exact sequence 

^ A^/r/(A^) ^ Di{N) H}{N) 
deduces a long exact sequence 

^ Dj{M, N/Tj{N)) Dj{M, Dj{N)) Di{M, H}{N)) 

-> R'Dj{M,N/Tj{N)) -> R'Dj{M,Dj{N)) R'Di{M, H}{N)) 

As RWj{M,H}{N)) = 0, RWi{M,N/Tj{N)) = R'Di{M, Dj{N)) 
for all i > 0. 

(iv) We have 
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Di{Di{M,N)) = limHoiiiH (M,A^)) 

n 

^ limlimHomij(J", Hoiiii? (J*M, A^)) 

n t 

^ lim lim Homij(/" ® /*M, A^) 

n t 

= lim lim Homjj,(J*M, HomR(J'^, A^)) 

^ limHomjj(/*M, /^/(A^)) 

= Di{M,Di{N)) = Di{M,N). 
(v) From [27il we have 

Di{RomR{M, N)) = lim i7om/j( J", Hom^j(M, A^)) 

n 

= limHomij(M, Homij(/", A^)) 

n 

= Hom^(M,D,(A^)) 
as required. □ 

If / : A^ — )■ A^' is an i?-module homomorphism such that Ker/ and 
Coker/ are both /-torsion i?- modules, then R'Di{N) = R'Di{N') for 
alH > (see [6] ) . We have a similar property in the case of generalized 
ideal transforms. 

Proposition 2.6. Let f : N N' be an R-module homomorphism 
such that Ker/ and Coker/ are hath I -torsion R-modules. Then 

RDj{M, N) ^ RDj{M, N') 
for all non-negative integer i. 
Proof. Two short exact sequences 

^ Ker/ N Imf 

O^lmf ^ N' ^ Coker/ ^ 
deduce two long exact sequences 

^ Dj{M, Ker/) ^ Di{M, N) Dj{M, Imf) R^Di{M, Ker/) ■ • • 

^ Di{M, Imf) -> Di{M, N') Di{M, Coker/) -> R^Di{M, Imf) ■ ■ ■ 

Since Ker/ and Coker/ are both J-torsion i?- modules, R^Di{M, Ker/) = 
and R'Di{M,CokeTf) = for all i > 0. Hence R'Di{M,N) = 
R'Di{M,lmf) and R'Dj{M,lmf) = R'Dj{M,N'). Finally, we get 
RDi\m, N) ^ R'Di{M, N') for alH > 0. □ 

Let Na denote the localization of A^ respect to the multiplicatively 
closed subset S" = {a* | i e N}. We have the following theorem. 
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Theorem 2.7. Let M he a finitely generated R-module and N an R- 
module. Then 

(i) Di{YLomR{M,N))^Di{M,N)- 

(ii) If I = aR is a principal ideal of R, then 

DaR{M,N)=DaR{M,N)a. 

Proof, (i). The long exact sequence 

^ Ti{M, N) Hom^(M, A^) ^ Dj{M, N) ^ H]{M, N) ^ ■ ■ ■ 
deduces an exact sequence 

^ r/(M, A^) -> Hom^j(M, N) Di{M, N) Imf 0. 

Note that Im/ is an i?-submodule of H}{M, N), then Im/ is an 
/-torsion i?-module. 

Since ri{M,N) and Im/ are both J-torsion i?-modules, there are 
isomorphisms 

Dj{Eomn{M,N)) = Dj{Dj{M,N)) = Dj{M,N). 

(ii). FromOwe have Di{M, N) = Di{M, Di{N)). We now consider 
the module Di{M, Di{N)). Since / = aR is a principal ideal, it follows 
Di{N) = Na. As I'^M is finitely generated, we have by [HI 3.83] 

HomR(J"M, N ® S-^R) = S-^R Hom^(/"M, A^). 

It follows 

limHomK(/''M, N ® S-^R) = \\mS-^R ® Hom^(/"M, A^). 

n n 

Hence 

Di{M, Di{N)) = S-^R ® Di{M, N). 
Finally, we get DaR{M, N) = DauiM, N)a. □ 

If E is an injective i?-module, then Tj{E) is also injective and H}{E) = 
0. Hence, the short exact sequence 

-> Ti{E) ^ E ^ Di{E) 

is split. It implies that Di{E) is an injective -R-module. 

Proposition 2.8. Let M he a finitely generated R-module, N an R- 
module and J* an injective resolution of N. Then 

RWj{M,N) = W{RomR{M,Di{J'))). 
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Proof. Combining 12.71 with 12.51 yields 

RWi{M, N) = H\Di{M, J')) 

= H\Di{Y{om{M, J'))) 
= if*(Hom(M, Di{.r))) 

as required. □ 

Next, we study the finiteness of generahzed ideal transforms which 
relates to generalized local cohomology modules. 

Proposition 2.9. Let M, N be two finitely generated R-modules and 
i a positive integer. Then H}{M, N) is finitely generated if and only if 
R^~^Di{M, N) is finitely generated. 

Proof. Since M, are finitely generated i?-modules, Ext^(M, N) is 
also a finitely generated i?-module for all i > 0. By 12.31 we have the 
conclusion. □ 

Theorem 2.10. Let M be a finitely generated R-module and N an R- 
module. If t is a non-negative integer such that R^Di{M, N) is finitely 
generated for alii < t, then Hom/j (i?/ J, i?*Z)/(M, A^)) is a finitely gen- 
erated R-module. 

Proof. We use induction on t. 

Let t = 0. We have RomR{R/I,Di{M,N)) = 0, since Di{M,N) is 
/-torsion- free. 

When t > 0, from 12.51 it follows 

R'Di{M,N) = R'Di{M,Di{N)) 

for all i > 0. 

It is sufficient to prove that Homi?(i?/J, R^Di{M, Di{N))) is finitely 
generated. 

Since Di{N) is an /-torsion-free -R-module, there is a D/(A^)-regular 
element x G /. Now the short exact sequence 

^ Di{N) 4 Dj{N) Di{N) 0, 

where Dj{N) = Di{N) / xDj^N) gives rise a long exact sequence 

^ Di{M, Di{N)) A Di{M, Dj{N)) Di{M, Di{N)) ■ ■ ■ 

■ ■ ■ R''^Dj{M, Dj{N)) ^ R'-^Dj{M, Di{N)) R'Dj{M, Dj{N)) ■■■ . 
It induces a short exact sequence 

^ Im/i -> R^~^Di{M, Di{N)) Imk 0. 
As R^Dj{M, Dj{N)) is finitely generated for all i <t, Imh and 
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K^Di{M, Dj{N)) are both finitely generated -R-modules for all i < t— 1. 

By the inductive hypothesis, Homi?(i?//, R*-^Di{M, Di{N))) is finitely 
generated. Hence Hom^(i?//, Imfc) is finitely generated. 

Next, the exact sequence 

^ IniA; ^ R^Di{M, Dj{N)) 4 R^Di{M, Di{N)) 
deduces a long exact sequence 

^ Hom^(i?//, IniA;) ^ RomR{R/I , R'Di{M, Di{N))) 4 

4 RomniR/I, R'Di{M, Di{N))) ^ ■ ■ ■ 
Asxe I, RomR{R/I, R^Di{M, Di{N))) is finitely generated. □ 

In [TJ 2.5] Tang and Chu proved that if Hj{M, R/p) is Artinian for 
any p G Supp(A^) and r > pd(M), then H\{M,N) is Artinian for all 
i > r. We show a similar following proposition. 

Proposition 2.11. Let M, N be two finitely generated R-modules with 
pd(M) < oo. Assume that t is a positive integer such that t > pd(M). 

(i) IfR^Di{M,R/p) isArtmianforallp E Supp(iV), then R'Di{M, N) 
is also an Artinian R-module for all i >t. 

(ii) // R^Di{M,R/p) and Hj{M,R/p) are Artmian for all p G 
Supp(A^), then Ext^(M, iV) is also an Artinian R-module for 
all i >t. 

Proof, (i). The proof of (i) is similar to that in the proof of [71 2.5]. 
(ii) . By 12.31 there is an exact sequence 

^ H^iM, N) Homij(M, A^) ^ Di{M, N) -> H}{M, N) ^ ■ ■ ■ 

■ ■ ■ H}{M, N) Ext*^(Af, A^) ^ RDi{M, N) ^ H'+^M, N) ^ ■ ■ ■ . 
Thus the conclusion follows from (i) and [71 2.5]. □ 

In the following theorem we study the Artinianness of modules R^Di[M, N) 
when A^ is Artinian or finitely generated. 

Theorem 2.12. Let M be a finitely generated R-module. 

(i) // A^ is an Artinian R-module, then R^Di{M, N) is Artinian 
for all i > 0. 

(ii) If N is a finitely generated R-module such that p = pd(M) 
and d = dim(A^) are finite, then Rp-^'^Dj{M, N) is an Artinian 
R-module. 
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Proof, (i). It follows from [15, 2.6] that H}{M,N) is Artinian for all 
i > 0. On the other hand, Ext^(M, A^) is Artinian for all i > 0. Thus 
the claim follows from the exact sequence of 12.31 

(ii). When d = dim(A^) = 0. It is clear that A^ is an Artinian 
i?-module. Hence Ext^(M, A^) is Artinian for all i > 0. 

By [2, 5.1], Hj{M,N) = for all i > pd(M) and Hf{M,N) is 
Artinian. Now we have the exact sequence by 12.31 

■ ■ ■ RP-^Dj{M, N) H'f{M, N) Ext^(M, A^) ^ RPDj{M, N) -> 0. 

It follows that WDj{M, N) is an Artinian i?- module. 

Let d = dim(A^) > 0. Since Ext^(M, A^) = for all i > pd(M), 

RP+'^Di{M,N) = H^+'^+\M,N) = 0. 

This finishes the proof. □ 



3. Associated primes of the modules R'-Dj{M,N) 

To study some properties of associated primes of R^Dj{M,N) we 
recall the concepts of weakly Laskerian modules [9J and FSF modules 
[16] . An i?-module M is called weakly Laskerian if the set of associated 
of prime ideals of any quotient module of M is finite. An i?-module M 
is called a FSF module if there is a finitely generated submodule A^ of 
M such that the support of M/N is a finite set. Note that a module 
M is a weakly Laskerian module if and only if M is a FSF module 
(see m 2.5]). 

Lemma 3.1 ([9^). (i) Let ^ M' ^ M M" ^ be a short 
exact sequence. Then M is weakly Laskerian if and only if M 
and M are both weakly Laskerian. 

(ii) If M is a finitely generated R-module and N is a weakly Laske- 
rian, then Ext^(M, A^) and Torf (M, A^) are weakly Laskerian 
for all i > 0. 

(iii) Artinian modules and finitely generated modules are weakly Laske- 
rian modules. 

Proposition 3.2. Let M, N be finitely generated R-modules. Then 
Ass(D/(M, A^)) = (Supp(M) n Ass(A^)) \ V{I). 

Proof It follows from [HI 3.1] that Ass(D/(A^)) = Ass(A^)\r(/). Then 
we have by 12.71 
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Ass(D/(M, N)) 



Ass(D/(HomH(M, N))) 
Ass(Hom^(M, N))\V{I) 
(Supp(M) n Ass(iV)) \ V{I) 



as required. 



□ 



It is well-known that, if M, are finitely generated i?- modules, then 
Hl{M,N) is Artinian for all z > (see P 2.2]). It implies that 
Supp(if^(M, A^)) is a finite set. When A^ is a weakly Laskerian R- 
module we have the following theorem. 

Theorem 3.3. Let M he a finitely generated R-module and N a weakly 
Laskerian R-module. Ifxn is a maximal ideal ofR, then Supp(-?/^(M, A^)) 
and Ass{R^Dm{M, N)) are finite sets for all i > 0. 

Proof. As A^ is weakly Laskerian, there exists a finitely generated sub- 
module L of N such that Supp(A^/L) is a finite set. Then the short 
exact sequence 



Since H^{M, L) is an Artinian i?-module, Supp(iJ^(M, L)) is a finite 
set and Im/ is an Artinian i?-module. 

Note that Supp(Im(yf) is a finite set because 



From the long exact sequence, we obtain a short exact sequence 



which implies Supp(if^(M, A^)) = Supp(Im/) U Supp(Im(yf). Thus 
^n^^{Hl{M,N)) is a finite set and then Ass{H'^{M, N)) is a finite 
set. We now consider the exact sequence 

^ r^(M, A^) ^ RomniM, N) D,^{M, N) ^ ■ ■ ■ 

> Ext^(M, N) R'D„{M, N) Hi+\M, N) ^ ■ ■ ■ 

Since Ass(Ext^(M, A^)) is a finite set, we have the conclusion. □ 

Proposition 3.4. Let M he a finitely generated module and N a weakly 
Laskerian module over a local ring {R, m). //dim(A^) < 2, then R^DjIM, N) 
is weakly Laskerian for all i > 0. 



0^ L^ N ^ N/L 
deduces a long exact sequence 



• ■ • -> //;(M, L) 4 H^M, N) 4 ff;(M, N/L) 



Supp(Im^) C Supp{Hi{M,N/L)) C Supp(Ar/L). 



-> Im/ -> Hl{M, N) -> Im^ -> 
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Proof. From [2731 there is an exact sequence 
^ if?(M, N) Hom^(M, A^) ^ Di{M, N) H}{M, iV) -> ■ ■ ■ 

■ ■ ■ H}{M, N) Ext^(M, A^) -> R'Dj{M, N) Hi^^^M, N) ^ ■ ■ ■ 
If dim{N) < 2, then Hj{M,N) is weakly Laskerian for all i > by 
[ni 3.1]. Note that Ext*^(M,A^) is weakly Laskerian for all i > 0. 
Therefore K^DjIM, N) is weakly Laskerian for all i > 0. □ 

Theorem 3.5. Let M be a finitely generated R-module and N an R- 
module. Then 

(i) There is a Grothendieck spectral sequence 

= ExejM,R'^Di{N)) =^ RP~^Wi{M,N)- 

p 

(ii) Assn{R*Dj{M,N)) C (J AssR{Eii-'))[j AssR{Rom{M, R'Dj{N))y, 

i=l 

(iii) Snpp^{R'Dj{M,N))C J Supp^(Ext^(M, i?*-D,(iV))). 

1=0 

Proof, (i). Let us consider functors F{—) = Hom^(M, — ) and G{—) = 
Dj{—). The functor F{—) is left exact. For any injective module E, 
G{E) is also an injective module and then is right F-acyclic. On 
the other hand, there is a natural equivalence by 12.71 Z)/(M, — ) = 
Homij(M, )). Thus from [17^ 11.38] we have the Grothendieck 
spectral sequence 

= ExejM,RWi{N)) =^ RP+Wj{M,N). 

p 

(ii). From the spectral of (i) there is a finite filtration $ of Rp~^'^Di{M, N) 
with 

= c C . . . C C = R^Dj{M, N) 

and 

^M-i = ^^Hy¥+^H\ where t = p + q, 0<i<t. 
Exact sequences for all < i <t 

^ ^ E'^-' 

gives 

Ass{¥h') C Ass{¥+'H') |JAss(£;^*-'). 

We may integrate this for i = 0, 1, t to conclude that 

t 

Ass{R'Di{M,N)) C [jAssniEi^-'). 

i=0 
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We now consider homomorphisms of the spectral 

rpi-t-2,2t-i+l rpi,t-i . rpi+t+2,-i-l 

Note that = ElXl^^'^'-^ = o for i = 0, 1, It follows 



T-\i,t—i rpi.t—i rpi,t—i 

A+2 = -C't+a = ••• = ^oo ■ 



In particular, 



-'^oo ~ ••• ~ ^t+3 — ^t+2 — — ■■■ — ^2 ■ 

Therefore 

t 

Assr{R'Dj{M,N)) C {[jAssii{Ei'l-'))[jAssR{Rom{M,R'Dj{N))). 

i=l 

(iii). Analysis similar to that in the proof of (ii) shows that 

t 

Snpp{R'Dj{M,N)) c[jSuppj,{Ei^~') 

i=0 

and 

rpi,t—i rpi.t—i rpi,t—i 

^t+2 — ~ ••• ~ -^oo • 

Thus -E^*"* is a sub quotient of E^^'^ and then 

Supp^(E:^*"^) C Supp^(E^'*-^) = Supp«(Extl^(M,i?*-*D,(A^))))- 
This finishes the proof. □ 

Corollary 3.6. Let M he a finitely generated R-module, N a weakly 
Laskerian R-module audi a non-negative integer. If R^Di{N) is weakly 
Laskerian for all i < t, then Ass{R^Dj{M, N)) is a finite set. 



Proof. We have by 13.51 



t 



Assr{R'Dj{M,N)) C {[jAssR{Ei'l-'))[jAssR{Rom{M,R'Dj{N))). 

i=l 

As R'Di{N) is weakly Laskerian for all i < t, Ext^(M, i?*-^L)/(iV)) is 
also weakly Laskerian for all 1 < i < t. Since -E'j*+2* ^ subquotient 

of E'^^~' = Ext^(M, R^~'Di{N)), Ell~' is weakly Laskerian for all 1 < 

t 

i <t.li follows that IJ Assr(E*:^2*) is finite. Note that RWi{N) = 

i=l 

Hi+^{N) for I > 0. Thus H}{N) is weakly Laskerian for all i<t + l. By 
[31 2.2], AssR{Hj^\N)) is finite and then Assjf (Hom(M, A^))) is 
finite. The proof is complete. □ 
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Corollary 3.7. Let M be a finitely generated R-module, N an R- 
module and t a non-negative integer. If Supp^(i?*iI'/(A^)) is a finite 
set for all i <t, then Supp^(i?*Z)/(M, A^)) is also a finite set. 

Proof. It follows from 13.5] that 

t 

Suppj,{R'Dj{M,N)) c[jSnppj,{E^ti,{M, R'-'Dj{N))) 

i=0 

t 

c[jSuppj,{R'-'Dj{N)). 
By the hypothesis we have the conclusion. □ 
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